In this article, we discuss some new fixed point results for self maps defined on a metric type spaces. We also give common fixed point theorems in the same setting.
Introduction
The concept of cone metric space was introduced initially by Huang et al. in [4] . They proved some fixed point theorems in that setting. In [1] , Bhaskar et al. studied the concept of a coupled fixed point of a mapping F : X × X → X, we shall look at the fixed point related results when we consider two of such mappings, more precisely we consider nonlinear contractive mappings F, G : X × X → X and obtain some common coupled fixed point results for F and G. In [7] , M. A. Khamsi observed that the concept of cone metric space gave rise to a more general class of metric spaces, namely metric type space, which is our framework of interest in the present article. Interesting and recent results about cone metric spaces and metric type spaces can also be found in [2, 3, 6] .
Preliminaries
In this section, following [2] we recall some known definitions, notations and results concerning cones in Banach spaces. Definition 2.1 Let E be a real Banach space with norm . and P be a subset of E. Then P is called a cone if and only if 1. P is closed, nonempty and P = {θ}, where θ is the zero vector in E;
2. for any a, b ≥ 0 (nonnegative real numbers), and x, y ∈ P , we have ax + by ∈ P ; 3. for x ∈ P , if −x ∈ P , then x = θ.
Given a cone P in a Banach space E, we define on E a partial order with respect to P by x y ⇐⇒ y − x ∈ P.
We also write x ≺ y whenever x y and x = y, while x y will stand for y − x ∈ Int(P ) (where Int(P ) designates the interior of P ).
The cone P is called normal if there is a real number C > 0, such that for all x, y ∈ E, we have θ x y =⇒ x ≤ C y .
The least positive number satisfying this inequality is called the normal constant of P . Therefore, we shall say that P is a K-normal cone to indicate the fact that the normal constant is K.
The cone is called regular if every increasing sequence which is bounded from above is convergent.
That is if {x n } n≥1 is a sequence such that x 1 x 2 · · · y for some y ∈ E then, there exists x * ∈ E such that lim
Lemma 2.2 (see [9] ) a) Every regular cone is normal;
b) The cone P is regular if every decreasing sequence which is bounded from below is convergent.
Definition 2.3 Let X be a non empty set. A function d : X × X → E is called a cone metric on X if:
The pair (X, d) is called a cone metric space.
Definition 2.4 A subset A of E is said to be bounded from above with respect to P (or upper bounded) if there exists x 0 ∈ E such that a x 0 for all a ∈ A.
A subset A of E is said to be bounded from below with respect to P (or lower bounded) if there exists x 0 ∈ E such that x 0 a for all a ∈ A. Definition 2.5 (Compare [9] ) A cone P is said to be minihedral if x ∨ y := sup{x, y} exists for all x, y ∈ E and strongly minihedral if every subset of E which is bounded from above has a supremum. Definition 2.6 (Compare [10] ) Let {x n } n≥1 be a sequence in a cone metric space (X, d).
(a) {x n } n≥1 is convergent to x ∈ X and we denote lim n→∞ x n = x, if for every c ∈ E with c θ, there exists n 0 ∈ N such that
Definition 2.7 A cone metric space (X, q) is said to be complete if every Cauchy sequence in X is convergent in X.
Lemma 2.8 (see [4] ) Let (X, d) be a cone metric space over a cone K-normal cone P . The sequence {x n } n≥1 converges to x ∈ X if and only if lim
Lemma 2.9 (see [4] ) Let (X, d) be a cone metric space over a cone K-normal cone P . The sequence {x n } n≥1 is Cauchy if and only if lim
More properties concerning convergence and Cauchy sequences can be found in [4] Definition 2.10 Let (X, q) be a cone metric space. A function f : X → X is said to be lipschitzian if there exists some κ ∈ R such that
The smallest constant which satisfies the above inequality is called the lipschitiz constant of f and is denoted Lip(f ). In particular f is said to be
Cone metric spaces have a metric type structure. Indeed, we have the following result:
) Let (X, q) be a cone metric space over the Banach space E with the K-normal cone P . The mapping Q :
Note that property (Q3) does not give the classical triangle inequality satisfied by a distance and there are many examples where the triangle inequality fails. We are therefore led to the following definition.
Definition 2.12 Let X be a nonempty set, and let the function D : X × X → [0, ∞) satisfy the following properties:
. . , n and some constant α > 0.
The triplet (X, D, α) is called a metric type space.
Let (X, D, α) be a metric type space. Then for each x ∈ X and > 0, the set
denotes the open -ball at x with respect to D. It should be noted that the collection {B D (x, ) : x ∈ X, > 0} yields a base for the topology τ (D) induced by D on X. This topology will be called metric type topology. Hence a subset A ⊂ X is said to be open if for any a ∈ A, there exists ε > 0 such that B D (a, ) ⊂ A.
Also each x ∈ X and ≥ 0, the set
denotes the closed -ball at x with respect to D.
A subset S metric type space (X, D, α) is said to be bounded if S is contained in some ball B D (x, r) of X. We also define the diameter diam(A) of A that we denote by diam(A) := sup{D(x, y) : x, y ∈ A}. Hence A is bounded if and only if diam(A) < ∞.
The concepts of Cauchy sequence and convergence for a metric type space are defined in a the same way as defined for a metric space. For the interested reader, the definitions can be obtained in [8] . Moreover, for α = 1, we recover the classical metric, hence metric type generalizes quasi-pseudo metric. It is worth mentioning that if (X, D, α) is a metric type space, then for any β ≥ α, (X, D, β) is also a metric type space. Hence, in the sequel, we shall denote (X, D, α) simply as (X, D) when there is no confusion. then we conclude that X is not a metric space space. Nevertheless, with α = 2, it is very easy to check that (X, D, 2) is metric type space.
We conclude this section by recalling some key results proved in [5] .
Lemma 2.14 Every metric type space (X, D, α) is Hausdorrf.
Lemma 2.15 A Cauchy sequence {x n } n≥1 in a metric type space (X, D, α) is always bounded.
Lemma 2.16 Let {x n } n≥1 be a Cauchy sequence in a metric type space (X, D, α). Then {x n } n≥1 converges to x if and only if it has a subsequence that converges to x. 
Main Results
In this section, we shall prove some fixed point theorems for a pair of contractive maps.
Theorem 3.1 Let a complete metric type space (X, D, K) and the mappings T 1 , T 2 : X → X satisfy the contractive condition
where k ∈ [0, 1) is a constant. Then T 1 and T 2 have a unique common fixed point x * ∈ X and for any x ∈ X, the orbits {T 2n+1 1
x, n ≥ 1}, {T 2n+2 2
x, n ≥ 1} converge to the fixed point.
Proof. For any arbitrary x 0 ∈ X and n ≥ 1 . Set
We have
So, for n > m, we can write
This implies D(x n , x m ) → 0 as n, m → ∞. Hence {x n } n≥1 is a Cauchy sequence. From the completeness of X, we know that there is x * ∈ X such that x n → x * as n → ∞.
For n ≥ 1, we have
Hence, D(T 1 x * , x * ) = 0, i.e. T 1 x * = x * . In the same way it can be established that
* is the common fixed point of pair of maps T 1 and T 2 . The uniqueness is easily read from the contractive condition. 
where k ∈ [0, α) with α < 1/K is a constant. Then T 1 and T 2 have a unique common fixed point x * ∈ X and for any x ∈ X, the orbits {T 2n+1 1
x, n ≥ 1}, {T 2n+2 2 x, n ≥ 1} converge to the fixed point.
That is,
This implies that D(x n , x m ) → 0 as n, m → ∞. Hence {x n } n≥1 is a Cauchy sequence. By completeness of X, there is x * ∈ X such that x n → x * as n → ∞. For n ≥ 1, we have
In the same way it can be established that T 2 x * = x * . Hence T 1 x * = x * = T 2 x * . Thus x * is the common fixed point of pair of maps T 1 and T 2 . The uniqueness is easy read for the contractive condition.
We state without proving the following result which generalizes the above theorem.
Theorem 3.5 Let a complete metric type space (X, D, K) and the mappings T 1 , T 2 : X → X satisfy the contractive condition
where k + l < 1 and k < 1/K is a constant. Then T 1 and T 2 have a unique common fixed point x * ∈ X and for any x ∈ X, the orbits {T
x, n ≥ 1} converge to the fixed point. Theorem 3.6 Let a complete metric type space and the mappings T 1 , T 2 : X → X satisfy the contractive condition
where k ∈ [0, α) with α = min{1/2; 1/K 2 } is a constant. Then T 1 and T 2 have a unique common fixed point x * ∈ X and for any x ∈ X, the orbits {T x, n ≥ 1} converge to the fixed point.
This implies D(x n , x m ) → 0 as n, m → ∞. Hence {x n } n≥1 is a Cauchy sequence. By completeness of X, there is x * ∈ X such that x n → x * as n → ∞.
In the same way it can be established that
* is the common fixed point of pair of maps T 1 and T 2 . The uniqueness is easy read for the contractive condition. Theorem 3.7 Let (X, D, K) a complete metric type space and the mappings T 1 , T 2 : X → X satisfy the contractive condition D(T 1 x, T 2 y) ≤ kD(x, y) + lD(x, T 2 y) for all x, y ∈ X, where k, l ∈ [0, 1) with k < min{1, 1/K}, l < 1/K 2 , k + l < 1. Then T 1 and T 2 have a unique common fixed point x * ∈ X and for any x ∈ X, the orbits {T x, n ≥ 1} converge to the fixed point.
This implies D(x n , x m ) → 0 as n, m → ∞. Hence (x n ) is a Cauchy sequence. By completeness of X, there is x * ∈ X such that x n → x * as n → ∞.
≤ K[kD(x * , x 2n−1 ) + lD(x * , T 2 x 2n−1 ) + D(x 2n+1 , x * )].
As n → ∞ we have D(T 1 x * , x * ) = 0, i.e. T 1 x * = x * . In the same way it can be established thatT 2 x * = x * . Hence T 1 x * = x * = T 2 x * . Thus x * is the common fixed point of pair of maps T 1 and T 2 . The uniqueness is easily read from the contractive condition. where k < min{1/2, 1/K, 1/K 2 } is a constant. Then T 1 and T 2 have a unique common fixed point x * ∈ X and for any x ∈ X, the orbits {T 2n+1 1
We conclude this section with the following theorem. Theorem 3.9 Let a complete metric type space (X, D, K) and the mappings T 1 , T 2 : X → X satisfy the contractive condition D(T 1 x, T 2 y) ≤ kD(x, y) + lD(T 1 x, y) for all x, y ∈ X, where k, l are constants such that k + 2Kl < 1, l + k < 1. Then T 1 and T 2 have a unique common fixed point x * ∈ X and for any x ∈ X, the orbits {T 2n+1 1
